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Abstract
When teams play a round robin tournament, the number of individual players with a su/ciently
high average of wins is investigated.
c© 2002 Elsevier Science B.V. All rights reserved.
1. Introduction
In the Edinburgh and Lothian Table Tennis League 12 teams play a round robin
tournament. When two teams meet, each 5elds three players and each member of one
team plays each member of the other team. At the end of the season, the League
publishes a list of all those players, who have played in at least two-thirds of their
team’s matches and have an average of at least 60% wins in their games. A natural
question to ask is what is the maximal length of the list? (In the last four seasons the
lengths of the published lists for the 5rst Division were 14; 12; 16; 11.) We show that
the answer to the question is 39. If one imposes the restriction that each team uses the
same three players in each match, then the list can contain a maximum of 28 names.
There are too many possibilities for the outcomes of all the games for a computer
to obtain these answers by enumeration of every case. Our approach is to identify an
upper bound and show by construction that it is minimal.
The problem can be generalised in various ways. The most immediate generalisation
would be to consider n teams, each 5elding p players for each match chosen from a
squad of P players, and to insert parameters ;  in place of 23 , 0.60. The situation
when P=p is studied in Section 3. One could add the complication that each team
plays each other team t times. For simplicity in our discussion we have taken t=1,
but actually in the Edinburgh and Lothian Table Tennis League t=2, as each team
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plays a “home” and an “away” match against each other team. The answers to the two
questions are then 44 and 28, instead of 39 and 28. We leave it to the reader to adapt
the discussion to show this.
The problem can be reformulated in the standard way as a question about multi-
partite tournaments (see [1,3]). The question concerns the distribution of outdegrees
of digraphs, where each player is represented by a vertex and an edge is drawn from
vertex V to vertex W , if player V wins over player W . The digraphs are built from the
complete bipartite subgraphs (i.e. bipartite tournaments) on the p+p players involved
in each match.
2. Some generalities
For 
 any real number we use the notation [
] to denote the largest integer not
exceeding 
.
(2.1) Each team plays (n−1) matches and hence (n−1)p2 games during the season.
Altogether in the tournament there are
(n
2
)
matches and hence
(n
2
)
p2 games. Any player
on the list must play at least m matches, where m is the smallest integer that is not
less than (n− 1), and must win at least w games, where w is the smallest integer not
less than mp. An upper bound on the length of the list is
(n
2
)
p2=w. Each team has
(n− 1)p match places and so can have at most (n− 1)p=m members on the list and
so the list contains at most n(n− 1)p=m names. Note that for ¿ 12 the upper bound(n
2
)
p2=w is smaller than n(n− 1)p=m.
(2.2) Consider our question when every team 5elds the same p players in every
match, i.e. P=p. Suppose that there are k players on the list and write k = hp + c,
where 06c¡p. There must be at least
(h
2
)
p2 + chp games between players, both of
whom are on the list, and this minimum value would only occur when the k players
make up h full teams and c members of another team. Since each player on the list
loses at most d games, where d=p(n−1)−w, and each of the games between players
on the list contributes a loss to one of them, we deduce that kd¿
(h
2
)
p2 + chp. This
inequality can be rewritten as 2kd¿k(k − p) + c(p− c).
This strategy to answer our question is described most clearly from the viewpoint of
n-partite tournaments. By choosing the k vertices for the list to consist of all p vertices
in h of the partite sets and c vertices from a diKerent partite set one simultaneously
achieves two things. One minimises the number of arcs between vertices on the list
(each such arc gives a loss to a player on the list) and also maximises the number of
arcs between vertices on the list and those not on it (each such arc can be oriented
to give a win to the player on the list). We may then seek to orient the arcs between
vertices on the list, so that the outdegrees of the vertices are all as equal as possible
to each other (diKer by at most 1).
(2.3) In a given match between two teams the number of wins of a player can
obviously exceed neither the number of wins of his team nor the number of games,
p, that he plays, but furthermore it may be restricted by the distribution of the wins
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by the other team. For example, a player cannot win all his games, if a player on the
other team wins all his games. The necessary and su/cient condition on the numbers of
wins by the individual players is obtained by setting p= q in the following proposition,
which is essentially due to H. Landau (1953).
Proposition 2.3. A team of p players has a match against a team of q players, where
each player of one team plays each player of the other team. Let vi, wj be integers
that satisfy q¿v1¿v2¿ · · ·¿vp¿0, p¿w1¿w2¿ · · ·¿wq¿0. The match can result
in v1; v2; : : : ; vp wins for the players of the rst team and w1; w2; : : : ; wq wins for the
players of the second team if and only if v1+v2+· · ·+vr+w1+w2+· · ·+ws6rq+sp−rs
for all r; s, 06r6p, 06s6q. (When r=0 we interpret v1+v2+ · · ·+vr as the empty
sum with value zero on the left-hand side of the inequality.)
The expression on the right-hand side of the inequality is pq − (p− r)(q − s) and
this is the number of games in which at least one player from any 5xed set of r + s
players, r from the 5rst team and s from the second team, must be involved. The
proposition then follows from the harem form of Hall’s Marriage Theorem (see [2, pp.
91–97]).
(2.4) For our original question and its variants the following result is useful. It can
be deduced from Proposition 2.3, but we prefer to give a constructive proof.
Proposition 2.4. A team of p players has a match against a team of q players, where
each player of one team plays each player of the other team. Let v1; v2; : : : ; vp be in-
tegers such that 06vi6q for each i. Then there is a conguration of results, for
which the players of the rst team win exactly v1; v2; : : : ; vp games and the mini-
mum number of games won by a player of the second team is [p − (v1 + v2 + · · ·
+vp)=q].
To prove Proposition 2.4 choose for each team any order on the players. Let player
1 of the 5rst team win against player j of the second team if and only if 16j6v1.
In general, let player i of the 5rst team win against player j of the second team
if and only if j≡ (v1 + · · · + vi−1) + k mod q, for some k in the range 16k6vi.
In the con5guration of wins described each player of the second team wins either
[p− (v1 + v2 + · · ·+ vp)=q] or [p− (v1 + v2 + · · ·+ vp)=q] + 1 games.
We remark that, since q([p − (v1 + v2 + · · ·+ vp)=q] + 1)¿pq − (v1 + · · · + vp),
there can be no con5guration of wins where every member of the second team wins
at least ([p− (v1 + v2 + · · ·+ vp)=q] + 1) games, if the members of the 5rst team win
v1; v2; : : : ; vp games.
(2.5) In particular,
Corollary 2.5. A team of p players has a match against a team of q players, where
each player of one team plays each player of the other team. There is a conguration
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of results, where each player of the rst team wins at least [ q2 ] games and each player
of the second team wins at least [p2 ] games. When both p and q are odd and p6q,
then this conguration can be chosen so that each player in the rst team wins at
least (q+ 1)=2 games.
The 5rst statement is proved by taking vi = [
q
2 ] for 16i6p in Proposition 2.4 and
the second statement by taking vi =(q+ 1)=2.
3. Round robin tournaments with P = p
Throughout this section, we consider a round robin tournament between n teams, each
with exactly p players. In any match between teams, every member of one team plays
every member of the other team. A theorem of Landau type (i.e. like Proposition 2.3),
that gives a necessary and su/cient condition for a set of np numbers to be a possible
set of the numbers of wins of the players, can be found on p. 63 of [3]. This criterion,
however, does not quite lend itself to answering the question under investigation. We
shall build on the results in Section 2.
Proposition 3.1. (i) If n is odd or p is even, there is a conguration of results where
every player wins exactly half of his games.
(ii) If n is even and p is odd, there is a conguration of results where every player
in n=2 teams wins (p(n− 1) + 1)=2 games and every player in the other n=2 teams
wins (p(n− 1)− 1)=2 games.
Proof. (i) If p is even, it is possible by Corollary 2.5 (with p= q) for every player
to win exactly half of his games in every match. If n is odd, when a member of
team i plays a member of team j let the player from team i win if and only if
j − i≡ 1; 2; : : : ; (n− 1)=2 (mod n).
(ii) Suppose n is even and p is odd. The 5nal statement of Corollary 2.5 gives the
result when n=2. Henceforth, suppose that n¿2. First consider the totality of matches
that do not involve team n. By (i) it is possible for every player to win half his games.
In the match between team n and team i, for 16i6n − 1, by Corollary 2.5 we may
let each player of team i win [(p+ (−1)i)=2] games and each player of team n win
[(p− (−1)i)=2] games.
We use Proposition 3.1 to show
Proposition 3.2. Let 0¡c¡p and dene =(p(n− 2) + 2c)=2(p(n− 1) + c) (and
so 0¡¡1). The maximal value w such that p(n− 1) + c players can each win at
least w games is
(i) w=p(n− 2)=2 + (p− c) + [c], when pn is even.
(ii) w=p(n− 2)=2 + (p− c) + 12 + [c − 12 ], when pn is odd.
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Proof. (i) We 5rst describe a con5guration of results that achieves the stated value of
w. Consider all players in (n− 1) of the teams and the 5rst c players in the remaining
team. In the matches that do not involve the last team it is possible by Proposition
3.1(i) for every player of the 5rst (n− 1) teams to win exactly p(n− 2)=2 games. Let
the players of the 5rst (n−1) teams win all games against the 5nal (p−c) players of the
remaining team. It remains to assign the winners of the p(n−1)c games that involve the
5rst c players of the last team. The collection of all these games can be regarded as a
match between a team of (n−1)p players and a team of c players and so we may apply
Proposition 2.4 with v1 = v2 = · · · = vp(n−1) = [c]. Each of the c players then wins
at least [((n− 1)pc − (n− 1)p[c])=c] games. Now ((n− 1)pc − (n− 1)p[c])=c¿
p(n− 1)−p(n− 1) and we observe that  is the solution of the equation p(n− 2)=2
+ (p − c) + c=p(n − 1)(1 − ). Hence [((n− 1)pc − (n− 1)p[c])=c]¿[p(n − 1)
−p(n− 1)] =p(n− 2)=2 + (p− c) + [c], and so the c players in the last team and
also all players in the 5rst (n− 1) teams achieve at least w wins.
To see that w is maximal we note that the equation satis5ed by  gives that p2
(n
2
)−
(p(n − 1) + c)(p(n− 2)=2 + (p − c))= (p(n − 1) + c)c. Hence, it is not possible
for (p(n − 1) + c) players each to get more than p(n− 2)=2 + (p − c) + [c] wins
since there are only p2
(n
2
)
games altogether and p2
(n
2
)− (p(n− 1) + c)(p(n− 2)=2 +
(p− c) + [c])= (p(n− 1) + c)(c − [c])¡(p(n− 1) + c).
(ii) We now describe, similarly to (i), a con5guration of wins that achieves the
stated value w in the case when p and n are both odd. In the matches that do not
involve the last team it is possible by Proposition 3.1(ii) for every player of the 5rst
(n− 1)=2 teams to win exactly (p(n− 2) + 1)=2 games and every player of the next
(n− 1)=2 teams to win exactly (p(n− 2)− 1)=2 games. Let the players of the 5rst
(n− 1) teams win all games against the 5nal (p − c) players of the remaining team.
We now assign the winners of the p(n− 1)c games that involve the 5rst c players of
the last team. These games can be regarded as a match between a team of (n − 1)p
players and a team of c players and we may apply Proposition 2.4 with vi = [K] for
16i6(n− 1)=2 and vi = [K]+1 for (n− 1)=2¡i6n−1, where K is the solution of the
equation (p(n− 2) + 1)=2+(p− c)+K =p(n−1)−p(n− 1)K=c−p(n− 1)=2c (and
so vi6c for all i). One can easily check that K = c − 12 . By Proposition 2.4 each of
the c players wins at least [((n− 1)pc − p(n− 1)[K]− p(n− 1)=2)=c] games. Since
[((n− 1)pc − p(n− 1)[K]− p(n− 1)=2)=c]¿[((n−1)pc−p(n−1)K−p(n−1)=2)=c],
we have that [((n− 1)pc − p(n− 1)[K]− p(n− 1)=2)=c]¿[(p(n− 2) + 1)=2 + (p −
c) + K] = (p(n− 2) + 1)=2 + (p− c) + [K]. Thus, all players in the 5rst n− 1 teams
and c players in the remaining team achieve at least w wins.
That it is not possible for (p(n − 1) + c) players each to get more than w
wins follows from the inequality p2
(n−1
2
)−(p(n−1)+c)w=(p(n−1)+c)(K−[K])¡
(p(n− 1) + c).
Theorem 3.3. A round robin tournament is played by n teams, each with exactly p
players, where in any match between teams every member of one team plays every
member of the other team. Given k then the maximal number w of wins that can be
achieved by each of k players is found as follows: Write k = hp+ c, where 06c¡p
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and let =(p(h− 1) + 2c)=2(ph+ c) (and so 0¡¡1).
(i) If c=0 then w= [p(h−1)2 ] + (n− h)p.
(ii) If c = 0 and p(h− 1) is even, then w= p(h−1)2 + (p− c) + [c] + (n− h− 1)p.
(iii) If c = 0 and p(h−1) is odd, then w= p(h−1)2 +(p−c)+ 12 +[c− 12 ]+(n−h−1)p.
Proof. We minimise the number of losses of the k players. One of these players
necessarily sustains a loss when two of them meet. The number of such meetings is
minimised when the players form h complete teams and c members of another team
(see (2.2)) and this arrangement also allows the k players to sustain no further losses,
since they may win all their games against all players in teams that do not contain
one of the k players. (These wins account for the 5nal summand in the expressions
for w:) The largest number of losses by one of the k players will thus be minimised
when the minimal total number of losses is distributed as evenly as possible amongst
the k players, and the result follows from Proposition 3.2.
4. The original table-tennis problem
Henceforth we take p=3, which is the largest practicable value for an evening of
table tennis in the Edinburgh League. We suppose there are n teams and the teams
play a round robin tournament over the season. Given w we consider the problem of
determining the maximum number k of players who can win at least w games each.
We 5rst consider the problem when every team 5elds the same 3 players in every
match.
Proposition 4.1. The maximum length k of the list of those players, who win at least
w games, is
k =
{
min(3n; 6n− 2w − 3) if w≡ 0mod 3;
min(3n; 6n− 2w − 4) if w≡ 1; 2mod 3:
In particular, when n=12 and w=20, then the maximum length is 28.
Proof. Clearly the total number 3n of players is an upper bound on k. If k ≡ 1; 2mod 3,
then the inequality in (2.2) gives 2kd¿k(k − 3)+ 2. This implies, by division of both
sides by k, that k62 + 2d. On the other hand, if k ≡ 0mod 3, the inequality in (2.2)
gives 2kd¿k(k−3), and hence k63+2d. When k ≡ 0mod 3 and d≡ 1; 2mod 3, then
k = 3 + 2d and so k62 + 2d. We thus conclude that
k6
{
2d+ 2 if d≡ 1; 2mod 3;
2d+ 3 if d≡ 0mod 3:
Since d=3n− 3− w, we see that
k6
{
6n− 2w − 3 if w≡ 0mod 3;
6n− 2w − 4 if w≡ 1; 2mod 3:
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It remains to check that the upper bounds claimed can be achieved.
Case 1: Suppose w≡ 0mod 3. Write w=3(n−1−r), where 06r6n−1. If n¡2r+1
then w¡3(n− 1)=2 and 6n−2w−3=6r+3¿3n and the result follows from Proposition
3.1. On the other hand, if n¿2r + 1 then 6n − 2w − 3=6r + 363n and the result
follows from Theorem 3.3(i).
Case 2: Suppose w≡ 1mod 3. Write w=3(n − 1 − r) + 1, where 16r6n − 1. If
n62r then w63(n− 4)=2¡3(n− 1)=2 and 6n−2w−4=6r¿3n and the result follows
from Proposition 3.1. On the other hand, if n¿2r then 6n− 2w− 4=6r¡3n and the
result follows from Theorem 3.3(i).
Case 3: Suppose w≡ 2mod 3. Write w=3(n − 1 − r) + 2, where 16r6n − 1. If
n62r − 23 then w6(3n=2) − 2¡3(n− 1)=2 and 6n − 2w − 4=6r − 2¿3n and the
result follows from Proposition 3.1. On the other hand, if n¿2r − 23 then n¿2r and
6n− 2w − 4=6r − 2¡3n and the result follows from Theorem 3.3(ii).
Finally, we return to our initial question when each team is not restricted to using
the same 3 players in every match. We show that the list can contain a maximum of
39 names, when n=12, p=3, = 23 , =0:60. According to the rules, to qualify for
the list a player needs to play in at least 8 matches and win at least 15; 17; 18; 20; : : : ;
games if he plays in 8; 9; 10; 11; : : : ; matches. In (2.1) we have m=8, w=15, and so
have that 39 is an upper bound on the length of the list, and that each team can have
at most 4 players on the list. We describe a pattern of wins that achieves the upper
bound of 39.
Team i contributes 3 players Ai; Bi; Ci to the list if 16i69 and 4 players Ai; Bi; Ci; Di
to the list if 106i612. Each player Di plays 9 matches and has 18 wins, two in each
match. Each player Ai; Bi; Ci plays 8 matches and has 15 wins.
In the matches that involve only teams 10,11,12 each team i 5elds players Ai; Bi; Ci
and by Proposition 3.1(i) we may let each player win exactly half his games, and so
these players each win 3 games from 2 matches.
For 16i69 and 16j69 let team i win all games against team j for j≡ i + 1;
i+2; i+3; i+4mod 9 and 5eld players Ai; Bi; Ci for these matches, but lose all games
against team j for j≡ i−1; i−2; i−3; i−4mod 9. Player Ai plays in the match against
team j for j≡ i−1mod 9, player Bi plays in the match against team j for j≡ i−2mod 9
and player Ci plays in the match against team j for j≡ i−3mod 9, but new players in
team i 5ll the remaining 2 match places against teams j for j≡ i− 1; i− 2; i− 3mod 9
and the 3 match places against team j for j≡ i − 4mod 9 and lose all their games.
Thus, for 16i69 each of players Ai; Bi; Ci plays 5 matches and gets 12 wins from
the matches that involve only teams 1; 2; : : : ; 9.
In the match between team i and team j, where 16i69 and 106j612, team i 5elds
players Ai; Bi; Ci and team j 5elds players Aj; Bj; Dj when 16i63, players Aj; Cj; Dj
when 46i66 and players Bj; Cj; Dj when 76i69. In each such match, each player
from team i wins 1 game and each player from team j wins 2 games (a possible
outcome by Corollary 2.5, or from 5rst principles). Thus, for 16i69 each player
Ai; Bi; Ci plays 3 matches and gets 3 wins from these matches, whereas for 106j612
each player Aj; Bj; Cj plays 6 matches and gets 12 wins, and each player Dj plays 9
matches and gets 18 wins.
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It is an open problem to 5nd the solution for the general case of any given values
of P; p; n; ; .
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